Harnessing atom-light interactions is central to the development of novel quantum matter [1-3] using waveguide quantum-electrodynamics (QED) [4][5] [6] [7] [8] [9] [10] [11] . Experiments with photonic crystals (or bandgap materials) [12] [13] [14] have observed modified spontaneous emission [4, [15] [16] [17] , signatures of atom-photon bound states, bound-state mediated dipole-dipole interactions [18] [19] [20] , and superradiance [21] . However such systems can be difficult to produce, tune, and control. Ultracold atoms in optical lattices can provide a flexible, well-controlled platform for the realization of waveguide-QED with matter waves [22] [23] [24] . Utilizing a system previously used to observe spontaneous emission into vacuum [23, 25] , we explore here the fractional decay of matter-wave emitters coupled to the band structure of a synthetic bandgap material, realized by the periodic optical potential of a shallow optical lattice. We investigate the interplay beween emitter excitation energy, vacuum coupling and bandwidth governing decay dynamics, and identify two contributing bound states of the matter-wave radiation field with disparate character. Our findings shed light on the complex role of band structure in spontaneous emission.
Harnessing atom-light interactions is central to the development of novel quantum matter [1] [2] [3] using waveguide quantum-electrodynamics (QED) [4] [5] [6] [7] [8] [9] [10] [11] . Experiments with photonic crystals (or bandgap materials) [12] [13] [14] have observed modified spontaneous emission [4, [15] [16] [17] , signatures of atom-photon bound states, bound-state mediated dipole-dipole interactions [18] [19] [20] , and superradiance [21] . However such systems can be difficult to produce, tune, and control. Ultracold atoms in optical lattices can provide a flexible, well-controlled platform for the realization of waveguide-QED with matter waves [22] [23] [24] . Utilizing a system previously used to observe spontaneous emission into vacuum [23, 25] , we explore here the fractional decay of matter-wave emitters coupled to the band structure of a synthetic bandgap material, realized by the periodic optical potential of a shallow optical lattice. We investigate the interplay beween emitter excitation energy, vacuum coupling and bandwidth governing decay dynamics, and identify two contributing bound states of the matter-wave radiation field with disparate character. Our findings shed light on the complex role of band structure in spontaneous emission.
The band structure of a photonic crystal [12] [13] [14] can strongly modify the dynamics of a quantum emitter. While much is known about the modification of decay behavior near a single edge [26] [27] [28] [29] , including the formation of bound states [12, 13] which give rise to fractional (incomplete) decay of the emitter, the effects of coupling to an entire band have only been considered recently [30, 31] . The study of such scenarios has become possible with a recently demonstrated matter-wave platform [22, 23, 25] . Here, an excited quantum emitter is formed by a lattice well occupied by a single atom that is coupled to a continuum of atomic momentum modes through an internal-state change; the change is induced by an external coherent coupling that allows for a tunable effective vacuum coupling and excitation energy. While initial experiments [23] explored emission near a single continuum edge, the presence of an emission band with two edges can add new features. In particular, it has been proposed that, depending on the dimensionality of the system, the back-action of the band-structure on the emitter can result in multiple bound states and exotic decays [30, 31] .
Here we realize the simplest case featuring one (freely tunable) band in one dimension [32] , and investigate the time evolution of intraband emission, as well as the properties of the contributing bound states near the band edges. Our experimental scheme, illustrated in Fig. 1a , follows that of [23] . We confine ultracold, optically trapped 87 Rb atoms in two relevant hyperfine ground states |r = |F = 1, m F = −1 ("red") and |b = |2, 0 ("blue") to a system of isolated tubes (created with a 40 recoil-energies-deep, 2D optical lattice at 1064 nm) in which the atoms can freely propagate for sufficiently short times (τ ω −1 z , with ω z /2π ≈ 100 Hz along the tube axis). An additional, state-dependent lattice of wavelength λ (depth s r,b in units of the corresponding recoil energy E r = (hk) 2 /2m, where k = 2π/λ is the recoil wavenumber, λ ∼ 790 nm, and m is the atomic mass) along the tube axis provides deep confinement (s r = 20) for the |r atoms, and arbitrarily weak confinement for the |b atoms. In this configuration, we first prepare a Mott insulator of |r atoms and then thin it out to a sample of ∼30,000 atoms with site occupation < ∼ 0.5 (see methods). The lattice-trapped |r state is microwave coupled (strength Ω, detuning ∆ from the lattice-shifted atomic resonance at 6.8 GHz, see methods) to the |b state which is free to propagate when s b = 0. Each lattice well in a given tube thus serves as a matter-wave quantum emitter characterized by an occupational spin.
In the present experiment we choose a non-vanishing s b > 0 such that the mode continuum acquires a band structure. The dynamics of an isolated emitter (ground and excited states |g and |e ) is then governed by the Weisskopf-Wigner-type interaction HamiltonianĤ = n,qh g n,q e i∆n,qt |g e|b † n,q + H.c. involving Bloch bands, where ∆ n,q = ∆ − ε n,q /h is the effective detuning of the emitter (excitation energyh∆) from the Bloch state |n, q =b † n,q |0 with energy ε n,q (band index n, quasimomentum q); the vacuum coupling g n,q = γ n,q Ω/2 contains the Franck-Condon overlap γ n,q = n, q|ψ e with the originating harmonic-oscillator ground state |ψ e in an emitter. We choose s b = 2.5 (at λ = 790.4 nm) giving a ground-
The band structure and corresponding Franck-Condon factors are illustrated in Fig. 1b .
We first characterize the momentum distribution of the emitted |b atoms as a function of the excitation energyh∆ (calibrated using lattice transfer spectroscopy, see methods).
After loading the array with |r atoms, we apply a rectangular microwave pulse of duration τ = 400µs and Rabi frequency Ω = 2π × 1 kHz; following a 500µs-long rampdown of all three lattices for band mapping. The emitted |b atoms are detected after time-of-flight using state-selective absorption imaging. The measured distribution, shown in Fig. 1c , reveals that emission into the ground band is much stronger than that into the first and higher bands. The suppression results from the structure of the vacuum coupling g n,q , which for even-n bands is reduced due to the approximate odd parity of the relevant Bloch states for s b > 0 (see supplementary materials for a discussion of the opposite case s b < 0); a further suppression of the relevant Franck-Condon factor for higher n is due to the finite momentum width of |ψ e and the decrease in the density of states. In the following, we will restrict the discussion to the dynamics induced by coupling to the ground band.
We have found in earlier work that the decay dynamics in an array of emitters is generally subject to propagation, reabsorption and collisional effects [23] ; however a description for an isolated emitter should apply in the short-time limit. The matter-wave wavefunction is described by |ψ(t) = A(t) |e; 0 + q B q (t) |g; 1, q . The band is approximately sinusoidal, ε(q) = −hω cos(qπ/k) +hω (denoting ε(q) ≡ ε 1,q , andhω ≡ W 1 /2) and the vacuum coupling g = g 1,≈ 0.39Ω is approximately constant over the band, with negligible coupling to other bands. Following the treatment in [32] of an isolated, initially excited emitter in one dimension, and similarly to the free space case [25] , the excited-state amplitude A(t) then evolves as the Fourier transform
in which the interaction of the emitter with the band is
The dynamics of the emitter and radiation are governed by the singularities of G(ω) defined by ω−∆−Σ(ω)/h = 0, which can be determined using standard analytical techniques (see methods). In contrast to the single-edge case [25] , there are now two bound states [32], one below the band and one in the gap above the band, as well as a nearly Markovian decay resulting from coupling to the band and additional, incoherent losses due to the divergence of the self energy at the band edges.
For a comparison with the model, we first consider the ground-band emission spectrum shown in Fig. 1c , and compare it to the calculated profiles of |B q (t)| 2 for a range of q from −k to k at fixed times τ = 400 µs. For a more quantitative comparison, we consider the total transferred population by integrating over the quasimomenta. The agreement of the spectrum with the prediction (Fig. 2a ) is good up to an overall scaling factor of order unity.
To access temporal characteristics of the decay, we monitor, for emitter energy near the center of the band, the time evolution of the excited-state amplitude for different ratios g/ω between coupling and bandwidth. Three regimes can be distinguished, cf. Fig. 2b frequency Ω = 2g between the strongly confining emitter well and a corresponding |b well of the shallower lattice, where it is subject to tunnel escape at a rate ∼ω that damps the coherent local evolution. In the strong-coupling limit, the bandwidth is negligible, and the Generally there is good agreement between the model and the observation before significant population has been emitted (which mostly coincides with the short-time regime).
Deviations, including an offset and enhanced oscillations, are expected to appear when atom reabsorption by neighboring empty emitters becomes relevant [23] . Proper accounting for these effects would necessitate a multi-emitter model, possibly including collisional interactions, which is beyond the scope of this paper. That said, the observed decay dynamics displays oscillations that last to long times, in qualitative agreement with the single emitter model, and for the spectrum of Fig. 2a , taken at 400 µs, the data only differ from the model by a constant scaling factor. For g/ω 1, the emitters effectively decouple such that the isolated emitter model applies fully.
Remarkably, the spatial structure of a given bound state qualitatively depends on whether it is located below or above the band. Using the approach of [25] , it is straightforward to show that the bound states contain evanescent matter waves of the form
] (see methods for details). For the bound state above the band, where the energetic difference betweenhω + B and ε 1,±q is smallest near q = ±k, this means that |φ + (q)| 2 possesses a double-peaked structure in quasimomentum space. In contrast, for the bound state below the band, the quasimomentum is concentrated around q = 0. To demonstrate these features, we directly detect the spatial features of two representative bound states symmetrically located on opposite sides of the band (where φ ± (q + k) = φ ∓ (q)) with emission energiesh∆ ± = (1 ± 3)hω and weak coupling (g/∆ ± ) 2 1 (such that ω ± B ≈ ∆ ± ). We prepare the states by slowly ramping on the coupling g using a sinusoidal ramp. The ramp duration of 2 ms is long with respect to the bound state frequencies ω ± B , and no dynamics are observed for a variable hold time between 0 and 0.5 ms following the ramp. The all optical potentials as before, c.f. Fig. 3 . The observed distributions match qualitatively the predictions for |φ ± (q)| 2 (with a small higher-band contamination, see methods), with quantitative agreement if we allow for a blurring of 0.15k due to finite size effects (system size ∼ 10µm) and imaging resolution.
We note that the below-band bound state, cf. Fig. 3c , resembles the state found near a single edge [23] while the cutoffs at ±k lead to strong modulations in its spatial shape with the lattice periodicity, which suggests that an exact placement of distant emitters near photonic-bandgap materials can be important for the controlled engineering of coherent in- and 0.85 to compensate for differing initial atom number), the remaining sample has about 2.7(3) × 10 4 |r atoms with an average site occupation of n i < ∼ 0.5 in the tubes. State-dependent lattice and atom detection. Our experimental techniques follow that of our previous work [2] . In brief, we generate the state dependent potential using σ − light tuned to λ = 790.4 nm, between the D 1 and D 2 transitions of 87 Rb. We detect the atoms after a 500 µs-long linear ramp-off of all optical lattice potentials to perform a band-map operation followed by 14 ms of time-of-flight (ToF) expansion. During ToF, we apply Stern-Gerlach separation using a magnetic field gradient in order to spatially separate hyperfine states of different magnetic moment. We then perform state-selective absorption imaging in order to resolve all hyperfine states in each ground state manifold individually (used for magnetometry [3] ). Images are analyzed for data extraction after using a principal component analysis routine to remove residual fringes in the images.
Determining the resonance condition. The resonance condition ∆ = 0 is defined with respect to the transition between the band minimum ε n=1,q=0 and the harmonic-oscillator ground state in the QE potential (with a residual bandwidth of 1 × 10 −2 E r ). We use lattice transfer spectroscopy [4] to determine the resonance condition. An optically trapped BEC of |r atoms is first transferred into the |b state, after which the state-dependent lattice potential is ramped on slowly. Microwave pulses of duration τ = 400µs are then applied at a fixed strength Ω = 2π × 1.0 kHz and variable frequency to transfer maximally 30% of population into the |r state. The ∆ = 0 frequency for use in the experiment is obtained from a fit of a Rabi spectrum to the data. Systematic residual mean-field shifts are estimated to be between 150 and 270 Hz for all initial atom numbers used, based on a direct simulation of the 1D time-dependent Gross-Pitaevskii equation, and have been included in the spectrum of Fig. 2A . The resonance condition (which depends on both optical and magnetic fields) is stabilized using a post-selection magnetometry technique, yielding an uncertainty of σ E ≈ 350 Hz [2, 3] .
Higher band contributions. The observed quasimomentum distributions show a small ( < ∼ 20%) population of atoms at higher quasimomenta (q ≈ 2.5k). This can be attributed to a small contamination of the first excited band for |r at the beginning of the measurement which is coupled to the first excited band for the |b atoms due to a non-vanishing Franck-Condon overlap. These atoms are in a different region of quasimomentum space from the evanescent waves in the experimental data.
Theoretical considerations
Analytic structure of the self-energy and time dynamics. As discussed in the main text, the evolution of the initially excited emitter can be found in a resolvent operator approach, resulting in an excited state amplitude of 
in which we swap the order of integrations, yielding
We note that these integrals are performed over a function of a complex variable, and so we can apply the Cauchy residue theorem to evaluate the behavior. Specifically, the singularities of G(ω) yield exponentials with (in principle) complex frequencies. For detunings within the band, the analytic structure of G(ω) is such that it is analytic in the complex plane except for two branch cuts of imaginary part running from 0 to −∞ and real part at the band edges and four poles, two of which are purely real, and two of which form a complex conjugate pair. We discuss these in turn.
The poles of the Green's function are found by solving ω − ∆ − Σ(ω)/h = 0. This equation is in general quartic, which we can see by inserting Σ(ω) into the previous equation and expanding. The resulting equation is
and the roots may be found numerically for generic values of g,ω, and ∆. It turns out that this equation has two real roots, corresponding to two stable excitations or bound states, whose frequenceis we denote by ω ± B and whose residues are R ± B . These bound states contribute with purely imaginary exponential terms to A(t). Likewise, there is a pair of complex conjugate roots, though only the root with negative imaginary part will reside within the integration contour, and thus only this root will contribute to A(t). This pole, having frequency ω M − iΓ/2 and residue R M , corresponds to an exponentially decaying excitation. The value of Γ, for a large range of parameters g andω, corresponds to the Markovian prediction based on Fermi's Golden Rule. Finally, the detours around the branch cut contribute an incoherent decay, Φ(t), which tends to zero algebraically as a function of time. The full solution for A(t) may schematically be written as
and it is from these equations that we plot the gray curves |A(t)| 2 in Fig. 2b .
We now consider the behavior of |A(t)| 2 in more detail. In the limit of weak coupling, in which g ω, the dynamics correspond to an almost Markovian limit, in which the emitter population principally follows an exponential decay with a small oscillation superposed on top. This oscillation is in general due to a beating between the bound state frequencies, for in the limit of infinite time, Structure of the bound states. By using the method of Laplace transforms and assuming a stable bound-state pole, we can find the composition of the bound state. Specifically, applying equations (37-38) and (40-46) from [5] , we find a bound state of the form
(up to an omitted normalization factor) where we have assumed a uniform Franck-Condon overlap of all quasimomentum states with the initial emitter state. In order to learn about the spatial shape of the blue (emitted) component, we compute numerically (by exact diagonalization) the Bloch waves, ψ q (z), corresponding to the band structure of interest with small quasimomentum spacing and add the results according to the defining equation ψ ± B (z) = g k q=−k ψ q (z)/[ω ± B − ω(q)]. By taking the product of q| with |ψ B we obtain the probability amplitudes for the quasimomenta which compose the state,
Combined, these give a picture of a bound state which couples most strongly to the q = 0 quasimomentum state for ω − B below the band and, exotically, a bound state whose strongest contributions are q = ±1 when ω + B is above the band. These differences manifest themselves in a stronger modulation with a slight revival in the spatial structure of the bound state at the first neighboring well for the above-band bound state. * Please direct correspondence to dominik.schneble@stonybrook.edu Theoretical computation of B q (t). In order to calculate |B q (t)| 2 for t = 400µs, we use Eq. (3) for the first Brillouin zone, and set it equal to zero outside this zone, c.f. Fig. 5 . This is an artifact of the band-mapping procedure arranging the quasimomenta in an extendedzone scheme and our model having only one band. In order to make a comparison with the experimental data of Fig. 1c , we apply a Gaussian blur of σ E = 0.1E r in the energy axis and σ q = 0.15k in the momentum axis to account for magnetic field and finite size uncertainty. 
